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This article reviews six historically important papers in the development of the theory of mea¬ 
surement for nonlocal variables in quantum mechanics, with special emphasis the non violation of 
relativistic causality. Spanning more than seventy years, we chart the major developments in the 
held from the declaration, by Landau and Peierls in 1931, that measurement of nonlocal variables 
was impossible in the relativistic regime to the demonstration, by Vaidman in 2003, that all such 
variables can be measured instantaneously without violation of causality through an appropriate 
act of “measurement”, albeit not of a standard projective (Von Neumann) type. 
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I. INTRODUCTION 

The question of whether nonlocal variables could be measured instantaneously was considered by no means obvious 
in the early days of quantum theory. It was initially thought that, although measurements of local variables pre¬ 
sented no problems, the principle of relativistic causality placed severe restrictions upon the measurability of nonlocal 
operators. 

This idea was first proposed by Landau and Peierls in 1931 [Tj. They claimed that the measurement of any nonlocal 
observable necessarily violated causality and, therefore, indicated the failure of quantum mechanics in the relativistic 
range. Subsequent generations of physicists, who were less skeptical about the applicability of quantum theory to 
relativistic problems, concluded that the measurement of nonlocal variables must therefore be impossible. This was 
until 1981, when the first experiment designed specifically to measure a nonlocal property was proposed by Aharonov 
and Albert [2]. 

This essay reviews six papers, including the ones mentioned above, written between 1931 and 2003, which explore 
questions relating to the instantaneous measurement of nonlocal variables in relativistic quantum theory. Such 
measurements must be possible if we are to grant nonlocal variables the status of observables. We conclude that all 
nonlocal operators may be measured instantaneously and that, in this sense, the predictions of quantum mechanics 
are entirely consistent with the requirements of special relativity. However, as we shall demonstrate, the principle of 
relativistic causality does place constraints upon the way in which such measurements may be performed. 


II. NONLOCALITY IN NONRELATIVISTIC QUANTUM THEORY 
A. Nonlocal states and nonlocal variables 

The principle of superposition in nonrelativistic quantum mechanics allows the existence of so called nonlocal states 
for composite systems. A useful example is a system composed of two fermions. For simplicity we may assume that 
each fermion is fixed at a point in space, either xa or xb, for example, by some potential, and consider only the spin 
part of the total wave function. The general state space of a composite system is given by the tensor product of the 
Hilbert spaces which form the state spaces of the individual subsystems, 

N 

(i) 

i— 1 

where N is the number of subsystems. In this case the appropriate state space is a four-dimensional Hilbert space 
which is the tensor product of the two, two-dimensional, Hilbert spaces of the individual particles. The space is 
spanned by any four mutually orthogonal state vectors, of which the four direct product states, 

|tfl> = |t*>A®lt*>B, |*2> = |4.*>a®IWb. (2a) 

l*3> = lt*>A®l4-*>B> l*4> = |4 -*)a® (2b) 

are an obvious example. However, any four mutually orthogonal states form an equally valid basis. The spectral 
theorem for self-adjoint operators |3] states that an operator may be defined entirely in terms of its eigenvectors, 

M d(m) 

A 'y ' y ' a m \a m ,j) {a m ,j\ , (3) 

m—1 j =1 

where the eigenvalue a m has degeneracy d(m), of which dim(H) = X)m=i d( m ) vectors will be linearly independent. 
It is therefore possible to use any set of dim(TL) linearly independent eigenvectors of any Hermitian operator as a 
complete set of mutually orthogonal basis vectors. However, the eigenstates of a general Hermitian operator are 
degenerate and it is necessary to specify the simultaneous eigenvalues of two or more commuting operators in order to 
specify a state completely. For example, in our system the direct product states may be rewritten as the simultaneous 
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eigenvectors of the operators &i A ^ and a[ B ^ which represent the ^-component of spin for each of the one-particle 
subsystems, 


l*i> = It*} a ® Wz) B = 
l* 2 > = |4 -z)a ® I+*>b = 
1^3} = |t*)x® I 4 .*)b = 

1 ^ 4 ) = | \-z)A ® It*) B 


' = +H/2,a (B) = +H/ 2 ^> , 

= -H/2,a^ = -H/2) , 

vi A) = +h/2,a (B '> = -V 2 ). 
&i A) = - h/2,&i B) = +h/ 2 ^>. 


(4a) 

(4b) 

(4c) 

(4d) 


In addition to the four direct product states, in which each fermion has either spin +H/2, denoted |fi), or spin —h/2, 
denoted |), z ), states, there are an infinite number of possible superpositions of these states. Four superpositions of 
particular interest are the famous Bell states [3], in which the coefficients of each product term are equal, 

l*±> = (Itz)A 0 14-z )b ^ |4-z)a 0 It*) b) 1 (5a) 

l$±) = ^ (|t*>A ® ltz) B ± \U) A ® I+*)b) • (5b) 

In the two fermion system ai A ^ and a z B \ which are represented by the appropriate Pauli spin matrix for single 
particles, are represented by dl^ ® Ib and I a ® d( B \ where I is the identity matrix. In a similar manner, the 
operators d z and d 2 can be defined as 

d z = (&i A) ® Is) + (lA 0 d^ B) ) , ( 6 ) 


<T 2 — a\+ a (7) 

where 

a a = (d^ + a^ A) + d^ 4 ^ 0 Ib, ( 8 a) 

ds = Ea 0 (d( B) + d<, B) + d^ B) ) . ( 8 b) 

These represent the ^-component and squared magnitude of the total spin vector for the composite system. It can 
easily be verified that these operators commute and have eigenvectors corresponding to the eigenvalues 0 , ±h and 0 , 
+2h, respectively, in our example. The complete set of their simultaneous eigenvectors therefore forms an alternative 


basis for the four-dimensional Hilbert space, given by 

I’J'i) = Wz )a ® ltz)s = I®* = +h, a 1 = +2h 2 ) , (9a) 

1^2) = \iz) A ® I U) B = \°z = = +2h 2 ) , (9b) 

l*+) = ^ (Itz). 0 IIz)b + \iz) A 0 ltz) B ) = |dz = 0, d 2 = +2 H 2 ) , (9c) 

I*-) = ^ (It*)A ® \lz) B - 14-*)a ® Itz) b) = |dz = 0,d 2 = 0) . (9d) 


The key point to notice is that it is possible for the two particle system to possess a total spin vector with a squared 
magnitude of 0 or 2 fi 2 , and with zero ^-component, when neither of its constituent particles can be said to possess a 
spin of ±h/2 individually. 

Local variables: For pure quantum states, a local state is an eigenstate of operators representing observables which 
the system can possess at a fixed point in space. For example, our second particle may possess a spin value of 
di B ^ = ±H/2 at Xb ■ For the purposes of this essay, which deals only with pure states, such operators are called local 
operators. By this definition, ai A ^ 01b and I J 40 di B ^ are local operators and |’Fi), |4' 2 ), III/ 3 ) and |^ 4 ), given by Eqs. 
(4a)-(4d), are local states. We will see that all local operators may be measured instantaneously, and may therefore 
be referred to as local observables. 

Nonlocal variables: On the other hand, operators such as a z and a d 2 represent variables that are not spatially 
localised. These variables will be called nonlocal variables, or nonlocal observables if they can be measured in some 
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way. These are not strict definitions. In general, for mixed states, direct products exist which are nonlocal. This 
phenomenon is called nonlocality without entanglement [5j, but will not be discussed here. As we shall see, although 
most, but not all , local variables may be measured easily, the requirements of relativistic causality place certain 
constraints upon measurements of nonlocal variables. 

Hence, by this definition, states such as |4/_t_) and |4/_), and other superpositions of direct product states, are 
referred to as nonlocal as they do not possess values of observables that exist at a specific point in space. Therefore, 
although local states may be the eigenvectors of both local and nonlocal operators, for example |'I' 1 } and |4' 2 ), nonlocal 
states may not be the eigenstates of local operators. In our two-fermion system, both |\E' + ) and IT-) possess values of 
the total spin vector squared and its z-component, as they are the simultaneous eigenvectors of a z and a 2 but, unlike 
the states |4/i) to I^H), neither particle possesses a spin individually at each spatial point, x a or xb ■ The states |T + ) 
and T_) are therefore nonlocal. 

States of this kind are sometimes also referred to as entangled, as the probabilities of results of local measurements 
made on one subsystem are dependent upon the results of local measurements already made on another subsystem. 
Here, for example, beginning with either state |4/-|-) and measuring &i A ^ (g) at point xa, at time t = to, causes 
a collapse of the wave function and will yield the result zth/2 with equal probability. The result of a subsequent 

/D\ 

measurement of Ia ® d- ; at point Xb at t = to + e will then, with certainty, yield +H/2 . Thus the two sub¬ 
systems are unavoidably “entangled” in some way. Again, this is not a strict definition, but the example is useful 
for our purposes, in order to illustrate the idea of entanglement. Formally, an entangled state is a state belonging 
to the Hilbert space of a composite system |4/) AB £ Ha <g Hb which may not be written as a direct product of 
states belonging to the Hilbert spaces of the individual subsystems, i.e. |4/} AB ^ |T) A g) |4/} B , where |T) A £ Ha, 
I*>b e Hb- All such states belonging to any quantum system exhibit behaviour similar to that outlined above. 

It is also worth noting here that nonlocal variables also exist for single particle states. The most common example 
is momentum. Momentum eigenstates are superpositions of infinitely many position eigenstates and are therefore 
nonlocal, although this point is often not emphasized in introductory courses on quantum mechanics. 

In summary, the nonlocal states considered here are eigenvectors of only nonlocal operators, which represent quan¬ 
tities a system cannot posses at a single point in space. 


B. Measurement of nonlocal variables 

It was realised, very early on in the development of quantum mechanics that some superposition states possessed 
values of nonlocal variables, and that operators representing these variables could be mathematically constructed. It 
was also possible, to some extent, to measure the value of certain nonlocal variables. This could be done by using an 
ensemble of many copies of identically prepared systems and performing repeated local measurements. For example, in 
our system, if measurements of ai A ^ (gills and I a gdi" 8 '* were performed on one thousand copies of identically prepared 
states and it was found that crl^ = +H/2 and ai B ^ = —h/2 approximately five hundred times, while = —h/2 

/D\ 

and < 7 * ; = +H/2 approximately five hundred times, we would know that the original state was either 14/), or |’F)_, 
and so that the value of a z is zero. However, we would be unable to specify exactly which state was initially present, 
and hence unable to determine a 2 . 

This method suffers from three defects. Firstly, it is by no means obvious that it may be used to determine the 
value of a general nonlocal variable. Secondly, it is not instantaneous, by which we mean that the measurement 
cannot be completed at a specific instant in time and, thirdly, it destroys the state which we were initially interested 
in, though it may be recreated later using the same preparation which gave rise the the original ensemble. As stated 
in the Introduction, it was, in fact, highly uncertain until the early 1980’s [2], whether instantaneous measurements 
of any nonlocal variables were physically possible. 


III. CAN NONLOCAL VARIABLES BE MEASURED INSTANTANEOUSLY IN THE RELATIVISTIC 

RANGE? “NO” - LANDAU AND PEIERLS (1931) 

Although it was commonly accepted that nonlocal variables existed, and the operators representing some such 
variables were well known, it was by no means clear in the early days of quantum theory whether any nonlocal 
property besides momentum p , and operators of the form F(J>), could ever be measured instantaneously in the 
conventional Von Neumann [B] sense. In fact, as early as 1931 Landau and Peierls |T] claimed that no nonlocal 
variables, not even momentum, could be measured instantaneously in the relativistic range. 

However, there arguments were unclear. They used the uncertainty relation AEAt > h , which is obtained by 
inserting the de Broglie relation p = h/X into the bandwidth theorem from the classical theory of waves, and considered 
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the energy of interaction between the system and the measuring device. They thereby obtained the relation (v — 
v')Ap > H/At, where v and v' supposedly represent the velocities of the particle before and after the measurement, in 
the nonrelativistic range. They then substituted (v — v') max = c, in accordance with relativistic causality, to obtain 
ApAt > H/c, which may also be obtained by substituting E « pc for a relativistic particle into AEAt > H. Landau 
and Peierls argued that, as (v — v') may be made arbitrarily large in nonrelativistic quantum theory, the value of p 
could be determined precisely. They therefore claimed that, in the relativistic regime, “the concept of momentum 
has a precise significance only over long times” and that similar arguments applied to other nonlocal properties. In 
effect they claimed that no instantaneous measurement of a nonlocal variable was possible in relativistic quantum 
mechanics. However, this idea seems to have rested upon a misinterpretation of their own equation. In the relation 
AEAt > h, the At refers to the temporal extent of a wave packet describing the state of a system. In the relativistic 
regime, this is given by At = A x/c, where Ax is the spatial extent, or width. For example, if At is the temporal 
extent of a photon pulse from a laser, then A E is the statistical spread in the observed energies of the individual 
photons detected. Equivalently, At is the statistical spread in the observed times at which the individual photons 
reach the detector. Similar arguments apply to other quantum mechanical particles. Under no circumstances is At 
the “time taken to perform a measurement of E”, as claimed in pQ , or is A E the “uncertainty in a possessed value 
of E”. In all measurements of energy, at all times, the system can be said to possess a particular value of E at that 
particular time. This was in fact noted by Landau and Peierls in an earlier section of the same paper and the correct 
interpretation was attributed, by them, to Bohr [7j. 

It is therefore odd that they should have seemed to consider At as the time taken to perform a measurement, and 
A p as the corresponding uncertainty in the possessed value of p, when considering the relativistic range. It is also true 
that they considered the system as necessarily possessing a momentum p' before the momentum measurement, as well 
as a momentum p after the measurement, when deriving the formula for the nonrelativistic case. This is also at odds 
with the standard interpretation of quantum mechanics, although the formula for the relativistic range, ApAt > H/c, 
remains valid. 

In any event it was, until recently, by no means clear whether any instantaneous measurements of nonlocal variables, 
excluding functions of p, were possible, although it was generally, tacitly, assumed that they were not. That was until 
1981 when Yakir Aharonov of Tel Aviv University and David Z. Albert of the Rockefeller University in New York 
proposed the first experiment designed specifically to measure a nonlocal property of a composite system [2]. 


IV. FIFTY YEARS LATER, A BREAKTHROUGH - “YES” 

A. “Yes - at least in some cases” - Aharonov and Albert (1981) 

For simplicity Aharonov and Albert considered the two part system discussed in the previous section as an example 
of how to perform a measurement of a nonlocal variable without violating causality. They designed an experiment to 
measure & z , the z-component of the total spin of one of the maximally entangled Bell states, |'L) + or |dt)_, without 

measuring either or ai B ^ individually. They referred to this as a nondemolition experiment, as it left the nonlocal 
state intact and did not trigger the reduction of the state vector, which would involve the loss on the nonlocal property. 
The general idea was to get the nonlocal variable of the entangled system to couple to local variables at different parts 
of the measuring apparatus. The results of these local measurements could then be combined via classical information 
transfer to reveal the value of the nonlocal property without violating causality or causing state vector reduction. 
Aharonov and Albert first considered a piece of apparatus designed to measure the z-component of the spin of a 
single particle, say ■ The device interacts with the one-particle system over a short period via the interaction 
Hamiltonian, 

Hint = 9A{t)q A {t)d { A) , (10) 

where gA(t) represents the coupling between the device and the system, and is nonzero only during the interval 
to < t < to + e, and qa (t) is an internal variable associated with the measuring device. The particle then gains 
momentum n^, which is the momentum canonically conjugate to qa, given via 

^ = - 9A(t)ai A \ ( 11 ) 

The simplest and most common example of such a device is the Stern-Gerlach apparatus, which can be used to 
measure the z-component of spin for charged particles such as electrons. In this case, the coupling gA(t) is produced 
by the magnetic field, the internal variable qa is the z-component of the electron position and the momentum n^, 
conjugate to qa , is the momentum that the electron acquires in the z-direction. 
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For a two particle system, using two such devices to perform simultaneous measurements at x A and Xb would 
measure di' 4 '* and ai B \ respectively, necessarily causing the collapse of an entangled state. However, it is possible to 
modify the design of the measurement process in the individual devices in such a way that the interaction Hamiltonian 
retains the same form, but which allows the initial states of the two devices to be correlated. Such devices may then 
be used to perform a measurement of a nonlocal variable on the entangled two-particle state. We may use our Stern- 
Gerlach devices, each together with an additional ancillary electron, initially with spin up, to measure the individual 
spins of two particles in a slightly more complicated way. The coupling between the device and the particle is now the 
controlled not (or CNOT), coupling between the electron whose spin we wish to determine, which acts as the control, 
and the ancillary electron, which acts as the target. If the control electron initially had spin up, then the ancillary 
electron remains in the up state, and if the control electron originally had spin down, the spin of the ancillary electron 
will flip to down. The spin measurement in the Sten-Gerlach apparatus is then performed on the ancillary electron, 
from which we are able to infer the spin of the original control. 

Again, this more complicated experiment may be used to determine the values of ai A ^ and individually. 

However, if the two modified Stern-Gerlach devices are first brought together so that the two ancillary electrons are 
allowed to interact and become entangled, it is possible to prepare the devices in an initial state so that, 


II4fo) = —n_e(to) = 

9a (*o) = q B (t 0 ) = q[t 0 ) 

Rearranging equations (101 and © we see that, 


n A (to) + ns(fo) = o, 

> qA(t 0 ) - q B {t 0 ) = o. 


.(A) _ H A (tp) ~ HaC^o + e) 




(12a) 

(12b) 


(13) 


(Ft) 

and that an analogous expression holds for a\ 1 . The two devices are again placed at ir a and x B but are now effectively 
one measuring device which acts on the two particle system via the interaction Hamiltonian 


H in t = H[ A) t + H^ B) = g(t) (q A (t)ai A) + q B (t)a {B , 


(14) 


if g(t) = g A (t) = g B {t). In addition, q A (t) will be equal to q B [t) at all times if their initial values are equal, according 
to Eq. (12b), and the couplings g A (t) and g B (t) are equal, so that the interaction Hamiltonian is given by 


Hint = -q{t)q(t ) 


^n A (t 0 ) + ns(to + e) 


ftiTam 


(15) 


where to < t < to + e, in accordance with Eqs. ([12b]) and (|1 
the nonlocal variable a z , where 


The apparatus has therefore measured the value of 


a~ = &i A) 


*i B) = 


^nA(t 0 + e) 


IIb^o + e) 


iZVam 


(16) 


without determining either a{ A ^ or a z B ^ individually, and so without destroying the nonlocal state. Furthermore, 
relativistic causality is not violated as the conjugate momentums of the two ancillary electrons, given by nA(to + e) 
and ns(to + e) are measured using only local interactions. Although the result given by the macroscopic part of 
one of the measuring devices, say that at x A , such as the position of the pointer or dials that records the conjugate 
momentum and spin of the ancillary electron, depend upon which state the ancillary wave function has collapsed to, 
it is not causally dependent upon the result obtained at x B because the dial at x B will read ±H/2 , randomly. 


B. Lorentz invariance 

It is also worth noting that e may be made arbitrarily small, so that each local interaction is effectively instantaneous, 
and that the instantaneous measurements of Ha and need not be simultaneous. It can be shown that if Ha is 
recorded at time t\ and at £2 > ti, then, during the interval between the two measurements, the system will not 
be in an eigenstate of any operator. In fact, the full state will not be any direct product of a state of the two-particle 
system and a state of the apparatus. The second interaction at x B then “undoes” the disturbance caused by the first 
interaction and restores the initial nonlocal state of the system together with some new local state of the apparatus 
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in which the value of a nonlocal property is encoded. Although a finite amount of time is required to combine the 
results of the local measurements, the measurement itself is instantaneous as the value of a z becomes encoded in the 
local properties of the apparatus immediately after the final interaction. This is true in any inertial frame, regardless 
of which interaction the observer sees first. 

The experimental probabilities are therefore, remarkably, completely Lorentz invariant, despite the non invariance 
of the state history under Lorentz boosts. This led Aharonov and Albert to the conjecture that “the covariance of 
relativistic quantum theories resides exclusively in the experimental probabilities and not in the underlying quantum 
states” Ej. 


C. Additional considerations 


Aharonov and Albert also produced a number of other interesting results regarding causal measurements of non¬ 
local variables in their 1981 paper. In addition to the experiment outlined above they also proposed what they called 
a state specific verification measurement to verify the value of d 2 if a 2 = 0, or, in other words, to verify that the 
state of the system is I’L) = I’L-). This type of measurement is more limited than a measurement of a 2 in the usual 
sense, which Aharonov and Albert called an operator specific measurement, in that, if a 2 ^ 0, the interaction destroys 
the initial state and we are unable to determine what value of d 2 it originally possessed. It is possible to design a 
state verification measurement for |H/_) by noting that the state is completely specified by | a 2 = 0) in our bipartite 
system. Equivalently, 


o'* = cr ( x A) + &i B) = 0, 

Vy = °y A) + °y B) = 0 , 

a z = ai A) + a[ B) = 0. 


(17a) 

(17b) 

(17c) 


We may then construct a measuring device which will interact with the system via the Hamiltonian 

Hmt = g(t ) (v { x A) q {A) + d { y A) q { y A) + v { z A} q (A) + ^i B) q ( x B) + d { y B) q ( y B) + v (B) q (B) ) ■ 


(18) 


This may be done using three sets of Stern-Gerlach equipment and three pairs of ancillary electrons in a manner 
analogous to that outlined previously. The devices may then be prepared so that, 


q (A) = q {B \ 


i A) = 


JB) 
% ’ 


q {A) =q {B \ 


tt(A) = _tt( s ) n( A ) = — tt ( a) = — rd B ) 

1L x ■ LA tc 5 x± z J 


(19a) 

(19b) 


for each of the three Stern-Gerlach ancillary electron pairs. Using equations (19a)-(19b), the Hamiltonian may be 
written in the form 


Hint — 


m [(*< A) +d B >) ( ? p l +i B) ) + (» 


(A) 

y 


4 B) ) (?. 


{A) 

y 






( 20 ) 


from which the equations of motion for ( 'fry A%> + and ( 'a ~may be shown to be, 

dt (di A) + di B) ) = g(t) 
d t [<y { y A) + d.[ B) ) = g{t) (< 




,(A) 


4 B) 


,( B ) 




a^+a^ 


)-(■ 

)-(■ 


(A) _l „(B) 


(A) , „(B) 


)( 

qr') 


{A) 


d t (d^ A) 


+*i B) )=m{(e ) 


q {B) ) 


(A) 

y 


4 B) ) - (? 


(A) 

y 


(- 


(A) 

z 

( A ) 


r( B ) 


r( B ) 




(21a) 

(21b) 

(21c) 


It is t hen straightforward to see that the constant functions (17a)-(17c) are solutions of the differential equations 
(21a)-(21c), and that such an experiment would enable us to verify the existence of the state |T_) = | a z = 0,d 2 = 0) 
by means of local interactions, without destroying it, and without violating causality. 

Therefore, performing the operator specific nondemolition experiment to measure the value of a z , we obtain d z = 0 
if our state is one of the maximally entangled Bell states. If this is followed by a state specific verification experiment 
for |\l/_), we may determine the value of d 2 to be either 0 or +2 h 2 . We have, therefore, effectively measured the 
values of two nonlocal variables although, in the later case when d 2 = +2 h 2 , the initial state is destroyed. 



















In any event, Aharonov and Albert’s thought experiment showed conclusively that at least some nonlocal properties 
of physical systems can be measured in relativistic quantum theory. This was a tremendous breakthrough which took 
half a century to be realised. However, it naturally raised many important questions. For our example system the 
obvious question is “Is it possible to verify every linear combination of the local states |i)-| ^ 4 )?”. This question 
was also considered in their 1981 paper and it was found that an arbitrary state of the form 

IT) = a |T a ) 0 |T b ) + /? |T C ) <g> |T d ), (22) 

where a, b,c,d £ {1, 2, 3,4} and a, /3 are arbitrary complex coefficients, could not be verified instantaneously by means 
of a nondemolition experiment like the ones proposed without violating causality. This was established by means of 
a specific counter example, considering the state 

1^) = sin <f> |T 4 ) + cos <j> |T 3 ) = sincj) ]| Z ) A \\ Z ) B + cos </> |f 2 ) A |^) B • (23) 

It was shown that any instantaneous nondemolition experiment distinguishing between |T^,) and a perpendicular 
state IT^) = sine/) IT^) — sincj) IT 4 ) must necessarily violate causality unless 4> took the particular values <j> = n 7 r/ 4 , 
n £ N. Aharonov and Albert showed that any experiment capable of distinguishing between |T^) and 
necessarily involves the measurement of some observable M$ of which |T^) is an eigenstate (M^ |T^) = 7 |T^)), and 
for which any eigenstate degenerate with IT^) is orthogonal to jT^). They then proposed the following two scenarios. 

Scenario (1) 

• t « to , the system is initially prepared in state |T_), (0 = 7t/4) 

• t = to, a measurement of the variable is made 

/ D\ 

• t = to + e, a local measurement of one of the fermion spins, say du- , is performed 
Scenario (2) 

• t « to , the system is initially prepared in state |T_), (0 = 7t/4) 

• t = to — e, the state of the system is changed from |T_) to |T + ), for example by rotating the z-spin of the 
particle at xa using a magnetic field 

• t = to, a measurement of the variable M$ is made 

• t = to + e, a local measurement of di ; is made. 

It is straightforward, but time consuming, to show that the probabilities of obtaining ai B ^ = +H/2 for scenarios 
( 1 ) and ( 2 ) are given by 

p(D (*(*> = +h /2 ) = [(1 - 2 sin </> cos </>) cos 2 </> + (1 + 2 sin (j) cos </>) sin 2 <f> + rj\ 2 , (24a) 

p(2) |A(b) = +fi/ / 2 ) = ^ + 

2 sin (j) cos </>) cos 2 (j) + (1 — 2 sin (j) cos </>) sin 2 (j) + r]\ 2 , (24b) 

respectively, where 77 is a function of the Eulerian angles of The proof shall therefore be omitted here and the 
interested reader is referred to [2]. These two equations are, in general, not equal and so the probabilities of the 
outcomes of local interactions at Xb will depend causally upon conditions at xa and vice-versa unless 77 satisfies 
certain constraints. For probabilities at Xb to be independent of conditions at xa we require rj = cos 2 <f) — sin 2 </>, 
and for probabilities at xa to be independent of conditions at xb we require 77 = sin 2 </> — cos 2 </>. Causality therefore 
requires that, 


?7 = cos 2 (j> — sin 2 (j> = sin 2 (f> — cos 2 (f> = 0 


(25) 


or, in other words, </> = mr/A, n £ N. 
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Subsystem 1 Subsystem 2 Subsystem N 



Measuring 


Measuring 


Measuring 

Device 1 


Device 2 


Device N 


FIG. 1: Space-like separated subsystems with local measuring devices 


D. Unanswered questions 

Thus the work of Aharonov and Albert in 1981, although groundbreaking, left open two important questions, 

1. What is the largest class of nonlocal states whose nonlocal properties may he verified by means of nondemolition 
experiments like the ones outlined above? 

2 . Are there any other forms of measurement, nondemolition or otherwise, by which a larger class of nonlocal 
variables can be measured? 

It was therefore necessary in subsequent work to consider carefully what was meant by the term “measurement”. 
The rest of this essay is devoted mainly to considering the results of four important papers which, following on from 
Aharonov and Albert’s original discoveries, attempt to answer the questions above 0? -So]. The first of these, 
written by Aharonov and Albert together with Lev Vaidman, also of Tel Aviv University, was published in 1986 [5]. 
This generalised their earlier results to composite systems of an arbitrary number of subsystems and succeeded in 
establishing exactly what classes of nonlocal operators could be measured by means of nondemolition experiments 
involving only local interactions. These results were then used to show what classes of nonlocal states were verifiable 
by such procedures. 


V. BUT IN WHICH CASES EXACTLY? - “QUITE A LOT, BUT NOT ALL, AT LEAST, NOT USING 
OUR ORIGINAL PROCEDURE” - AHARONOV, ALBERT AND VAIDMAN (1986) 


The 1986 paper by Aharonov, Albert and Vaidman (8J considered a general composite quantum system composed 
of an arbitrary number, N , of spatially separated subsystems, as shown in Fig. 1. It was assumed that any operator 
A,, representing a local property of one of the subsystems, could be measured, and an experiment to measure any 
nonlocal operator of the form 


N 

£4 (26) 

i =1 

was devised. For a general composite system the measuring device consists of N spatially separate parts, each of 
which interacts with the system via the Hamiltonian, 

H% t =g(t)q t (t)A., (27) 

The composite device is then interacts via the Hamiltonian 

N 

Hint = 9$) ^ ^ 

i=l 


( 28 ) 












10 


and is prepared in the initial state given by 

0 <H - Qj)t=t 0 = 0, = 1,2..IV, 


N 


E 11 - 


= 0 , 


(29a) 

(29b) 


t=to 


by analogy with the simpler N = 2 case. The device then interacts with the whole system over the interval to < t < 
to + e such that the normalisation condition, 

g(t)dt = 1, (30) 


/•toi-t 

Jt=t 0 


is fulfilled. During the interaction, the momenta canonically conjugate to the local degrees of freedom {qA obey the 
equation 


ri» = - g(t)Ai , 


(31) 


in the Heisenberg picture. From this, it is simple to demonstrate that the sum of the results of local measurements 
of n, is equal to the value of the nonlocal variable we wish to measure. Thus, we have 


N 


E 11 ' 

.2= 1 


to+e 


to 


pto+ e 


N 


g(t)dt^2Ai, 


2=1 


so that 


N 


N 


E ; » 


2—1 


2=1 


(32) 


(33) 


t — to~\~e 


where the last step follows from Eqs. (301 and (29b). Again we have initially considered simultaneous measurements 
over a finite period, but the time interval may be made arbitrarily small and the instantaneous measurements may be 
performed by space-like separated observers at different times, without altering the probabilities of local measurements. 

Thus we may instantaneously measure any nonlocal variables of the form Eq. (26) possessed by any nonlocal state 
of a composite quantum system with N subsystems, in a nondemolition experiment involving only local interactions. 
The local probabilities of our experiment will remain unchanged, even if our local measurements are not simultaneous, 
as will certainly be the case in all but one inertial frame. The measurement does not violate relativistic causality 
even if the space-like separation between different subsystems Lij is such that L,j = \xj — Xi\ cAt , where At is the 
time between measurements at Xi and Xj in any inertial frame. 

By setting A[ = aiAi and measuring XlE A'i as before, we may also measure any linear sum of local operators 


N 


E a iAj. 


(34) 


2=1 


Alternatively, by setting A” = ln(A^) and taking the exponent of we ma y measure any product of local 

operators via 


N / N \ 

Pii = exp | E ln A)) ■ 

2=1 \ 2 = 1 / 

A third class on nonlocal variables, the modular sums of i local operators, 

N 


. 2=1 


mod(a), 


(35) 


(36) 


where a is an arbitrary constant, may also be measured if the initial state of the measuring apparatus is modified 
such that, 


(■Qi - Qj)t=to = 0, Vi, j = 1, 2..TV, 


N 


E 11 ' 


od{a) 


= 0 , qimod 


(“) 


= 0. 


(37a) 

(37b) 
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Using exactly the same procedure as before this now gives, 


N 


£4 

.i= 1 


mod(a) = — 


AT 


£n, 

.i =1 


mod(a) 


(38) 


£—to+C 


It can then be shown that all such sums must be equal to zero for all values of a i.e. that our measurement procedure 
is equivalent to a nondemolition verification that, 


N 




mod(a) = 0. 


This can be seen by noting that condition 




exp,-- 


Hi n tdt j |\Eq n ) — |Hhn) ; 


(39) 


(40) 


which states that the time translation operator, acting on the measuring apparatus and the initial state of the system 
|T in ) during the measurement, does not change |lUin), is equivalent to condition 


i 


rt o+ e 


Hin+dt 


mod{2 tt) 14/i n ) = 0. 


(41) 


Substituting in for Hi nt int from (28) and using (30) together with the fact that all, during the interaction, qi = qj — q , 
Vi, j , we get 




mod(2 tt) |Tj n ) = 0. 


(42) 


Using (37b) we can then see that this equation is satisfied by (39) and that the modular sum is equal to zero. 

In their later work therefore, Aharonov and Albert found three general classes of nonlocal variables which could be 
measured instantaneously using appropriate extensions of their original procedure. However, there was no reason to 
assume that it was possible to measure any arbitrary function of local variables using this method. Although question 
(2) from Sect. IV D remained open, question (1) could now be answered with reasonable certainty. A nondemolition 
verification of a nonlocal state 14/) involves enough nondemolition measurements of nonlocal variables to specify IT). 
Using only the types of nondemolition experiments considered so far, it is possible to show that, for composite systems 
of M, A'-dimensional, subsystems, only states of the form 


l*> = ^=£l*>i® l*) 2 ®-l*> 


K 


M ’ 


(43) 


may be measured. The proof of this statement is in three parts. Firstly, it is necessary to show that any nonlocal 
state of such a system may be written in canonical form , 


K 


W = l*)i ® |*>2 ® \i) 


M ’ 


(44) 


i= 1 


where a.i 0, by an appropriate choice of basis vectors in each of the subsystems. Secondly, we must show that states 
of the form (44) are measurable using the procedures above. In the third and final step we show that if our system 
is divided in any way in to two nonempty subsystems, and the basis of the state spaces of these two subsystems 
are chosen such that the state of the composite system is in canonical form (44), then the coefficients {«i} must 
necessarily all be equal. This step, in conjunction with the first two, therefore demonstrates that only nonlocal states 
that have canonical form, in which all the coefficients are equal, may be verified by the methods considered so far. 
We now outline the essential details of the proof given in [8]. 

Stage (1): The proof is quite straightforward but, for brevity, we will assume that any nonlocal state may 
be written in canonical form, and concern ourselves with the last two propositions. 
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Stage (2): We may verify a nonlocal state of the form (44) by a measurement procedure in two stages. The first 
stage consists of M — 1 measurements which verify that the sum of two local operators, A\ and Ai , is A\ -f Ai = 0, 
where Ai and Ai are given by 


A 1 1 i} 1 = 

A[ | i) l = +i | i) l ,1 = 2, 3 ..M. 


(45a) 

(45b) 


This is equivalent to verifying that the state |T) has canonical form in some basis, without specifying the values of 
the coefficients {a,}. In the second stage we start by defining a set of unitary operators m = 1,2 ..M, which 

act in every local subsystem such that, 


Um\i) m = \i + l) m , * = 1,2, ...(K — 1) 

Um\K) m = \K) m , m = 1, 2..M, 


and which therefore satisfy 


M 


H Um\*) = \*)- 


m—1 


Then, by defining another set of local operators {B m }, m = 1, 2..M , where 


U m = e 


iB„ 


we see that (47) is equivalent to 


M 


E^ 

. 171—1 


mod(2Tr) = 0, 


(46a) 

(46b) 


(47) 


(48) 


(49) 


which we are able to verify as shown above. This completes the second stage of the proof. The third part of the 
proof is more complicated and, for simplicity, we will consider the case of a bipartite system in detail, before stating 
the general result. 

Stage (3): It can be shown that, in order to be verified without violating causality, our state |T) must be 
of the form 


W = E&jl*)i® U>2, (50) 

where |*) 1 ( g > | j ) 2 is one of the degenerate eigenstates of the nonlocal operator we wish to measure. If this is not the case 
it is possible send information at superluminal speeds between the two parts of the system. This may be illustrated 
by the following procedure. First, suppose we have three sets of eigenstates of a nonlocal operator |*i) 1 (g) \j\) 2 , 
|zi)i <B> 1 . 12)2 and 1 * 2)1 <8 1 . 11)21 which are degenerate with each other, and assume that there is a fourth, \i^)i 8 ^’ 2 ) 2 ! 
which is not degenerate with the rest. Then the procedure is 

• t « to, prepare subsystem two in state |4/) 2 = oq |ji ) 2 + a 2 ^ 2)21 a i, a 2 7 ^ 0 

• t = to — e, prepare subsystem one in state = |ii) 1 or |\I/)= \i 2 )x 

• t = to, perform a measurement of the nonlocal variable 

• t = to + e, perform a local verification measurement of state |\F) 2 

If at t = to — e, we prepare |4') 1 = |ii) 1 then the measurement of the nonlocal variable at t = to will not change 
the state |4/) 2 and the result of the state verification at t = to — e will be “Yes” with probability 1. This is because 
l^h) = 1^)1 ® 1^)2 = a i l*i)i ® 1 . 71)2 + a 2 |*i)! ® 1 ^ 2)2 is also an eigenstate of the nonlocal operator and so |4') 2 will 
not be disturbed. 

If, on the other hand, at t = to — e we prepare |’F) 1 = (* 2 )! the composite state will be given by IT) = |T) 1 ® |T) 2 = 
a 1 1 * 2 )]^ (8) |ji) 2 + a 2 1 * 2)1 <S> ^ 2)2 which is not an eigenstate of the nonlocal operator. Thus, the measurement at 
t = to + e will disturb the state and reveal either \ji) 2 or \j 2 } 2 with probabilities |oq| 2 and |o; 2 1 2 , respectively. It is 
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therefore possible for local interactions in subsystem one to affect the probabilities of results of local measurements 
of subsystem two at time 2e later. As e —> 0, causality is violated. 

The matrix elements of equation (50) are therefore nonzero if and only if the state |i) 1 (g> \j) 2 is degenerate and 
the measurement of our nonlocal operator is equivalent to a verification that the matrix (3 may be written in block 
diagonal form, 


P 

0 0 


where dim(/3 / ) is equal to the number of degenerate eigenstates, by reordering the local basis vectors appropriately. 
We also know that the state |T) may be written in canonical form (44) where the matrix a is nonsingular. By equating 
these two results we obtain, 


K 

|\E f ) = 'y ( | z)<g> | j) 2 = 'y ( Oli |*)i <g> \i) 2 , 

i,j i— 1 


(51) 


which is equivalent to stating that /? is also nonsingular and diagonal, and may therefore be expressed in the form 


P = U?aU 2 , 


(52) 


where U\ and U\ are unitary matrices representing rotations of the local basis. Stage (3) of the proof is the concluded 
by considering the density matrices in each local subsystem, 


P { 1 ) =PP, (53a) 

P (2) = PP, (53b) 


which are therefore diagonal such that 


Pi? = Pi? = W 2 %- 


(54) 


However, the set of characteristic values {|7i|} of any matrix is basis independent and so may be identified with {|ct;|} 
in one of three ways; 


1. If all |a,; | are distinct, there is a one-to-one correspondence between the set of eigenvalues {|a,|} and the set of 
local eigenvectors {|«) x } (or {|i) 2 }). Therefore |T) has canonical form for only one set of basis eigenstates. In 
this case, all that a nondemolition experiment can verify is the basis in which | \I/) has canonical form. 

2. Some \a.i\ are equal. This allows us to verify the basis in which IT) has canonical form and to specify the relative 
phases between different sets of with equal magnitudes. 

3. If all |cii| are equal we may specify the phases of all cq, find the value of |ai| from normalisation and, consequently, 
specify the state completely. 


We have at last shown that only nonlocal states which can brought into canonical form with equal coefficients ( |43 
may be verified using nondemolition measurements of nonlocal operators which are of the general kind developed by 
Aharonov, Albert and Vaidman. Assuming these to be the only kinds of measurements that are possible without 
violating causality, as was assumed by the authors themselves in 1985, it would be true to say that only nonlocal 
operators of the form (34), (35) or (36) could be granted the status of observables in a relativistic theory, and that 
only states of the form (43) could be verified by the their measurement. 

However, sixteen years later Berry Groisman and Benni Reznik [9], also of Tel Aviv university, showed that the 
physical role of measurement in quantum mechanics need not be as restricted as the ideal measurements of the first 
kind proposed by Von Neumann |6| and the early pioneers of the theory. They concluded that, if a measurement 
is not necessarily required to prepare the system in an eigenstate of the corresponding operator, a large number of 
observables, previously excluded on the grounds of causality violation, become measurable. This work, in turn, drew 
on the results of a paper published in 1994 by Lev Vaidman and Sandu Popescu of the University of Brussels 110]. The 
paper proved two important theorems which hold true for any measurement of a nonlocal variable which is required 
to be consistent with relativistic causality. We will now briefly consider these two theorems. 
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VI. FURTHER DEVELOPMENTS (AND MORE QUESTIONS) 

A. This procedure is very specific, can we find general restrictions which apply to any measurement of a 

nonlocal variable? “Yes” - Popescu and Vaidman (1994) 

Popescu and Vaidman considered the following general scheme for a bipartite system, 

• t « to, prepare the nonlocal state |T) 

• t = to — e, local interaction at subsystem 2 described by the unitary transformation U^ 

• t = to, perform a state verification measurement on |T) 

• t = to + e, perform a measurement of a local operator yb 1 ) on subsystem 1 . 

They assumed as little as possible about the way in which the nonlocal measurement could be carried out. In 
particular they did not specify that the measurement should be nondemolition and, in fact, assumed nothing about 
the final state of the system following the measurement. Nor did they assume only local interactions between the 
system and the measuring device, as Aharonov and Albert had. Instead they considered only that the system should 
undergo unitary time evolution during the interaction. Their results therefore describe completely general properties 
of the measurements of nonlocal variables. 

The definition of state the verification measurement they adopted may be summarised as follows; if the measurement 
is to verify whether |T) = |To), then the result of the experiment is “Yes” if |T) = |To) and “No” if IT) = |Tq-), a 
state orthogonal to |T 0 ). If, in general, the state of the system is described by 

|T) =a|T o )+0K). (55) 

the result will be “Yes” or “No” with probabilities |ai | 2 and |« 2 1 2 , respectively. The state T 0 ) may then be written 
in canonical form 


l^o) =^I ai l*) 1 (g) l*) 2 > 

i 


(56) 


for some basis, where {I*)!} and {|*) 2 } span the subspaces C and C H^. 

In order to state the two theorems it is also convenient to rewrite the causality condition in a more compact form 
using the notation, 


p (T) = Prob ( A ^ = a, at t = to + e 


|T) at t <C to; non — local measurement at t = to 


(57) 


where p (T) represents the probability of getting the result a for the measurement of A C) at t = to + e, given that the 
state |T) was prepared initially at t <C to an d a nonlocal verification measurement was carried out at t = to- Causality 
then requires that the probability of getting the result a must be independent of local interactions at subsystem 2 
according to the equation 


p ^f7( 2) T^) = p (T). 


(58) 


If the state of the system is described by (55) and the initial state of the measuring device is given by |T), we may 
rewrite (58) as 


($| (To | uWtfPUUUM |T 0 ) |T) = ($| (To | f/tpWf/ITo) |T), 


(59) 


where U describes the unitary evolution during the nonlocal verification and P!i 1 is the standard projection operator 
onto the states with eigenvalue a in subsystem 1. Theorems 1 and 2 may then be stated as follows. 

Theorem 1: If |T) £ (g) H ( ' 2) then p( T) = p( T 0 ), which is equal to a constant independent of |T). In 

general, however, 


|T) = a |T ; ) + (3 |T"), 


(60) 
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where |4-') and |4-") are the normalised projections onto Hq 1 ' 1 <g) and {+ 1 ) — H q 1 ^ (g) H^ 2 \ respectively. The 

probabilities of local measurements on subsystem 1 after the nonlocal measurement may therefore depend on |4-), 
but only through /3 14'"). 


Theorem 2: If |4-) = a |4-') + f3 |4-"), as in (60), then 

p (4') = \a\ 2 p (4- 0 ) + \/3\ 2 p (4' // ). 


(61) 


We now quickly summarise the proofs of these two theorems before discussing their wider implications in the context 
of our investigation. 


Proof of Theorem 1: The causality condition (59) combined with our definition of a reliable verification 
measurement above gives, 


(4>|«|C/tpi 1 )l7|4' 0 )|<l>)=0, V|4>). 


(62) 


The set 


{ 1714 - 0 ) 1 $)} 


therefore forms the subspace of states of the system + measuring device which will yield the 

answer “Yes” in our state verification measurement. Conversely, {(7|4-+ |4>)| forms the subspace of “No” states. 

Then, as Pa 13 acts only on the system and not the measuring device, all states of the form PjpU |4-o) |$) will also 
belong to the subspace of “Yes” states, and are therefore perpendicular to states of the form U |4+) |4>). The proof 
of theorem 1 may then be divided into one lemma and two propositions. 


Lemma 1: If |4-) = a |4- 0 ) + /3 |4+) as in (55) then p (4-) = p (4- 0 ) if and only if p (4-q ) = p (4- 0 ). 


Proof: Using (55) and (59) we obtain, 

P W = M 2 p (*o) + l/3 | 2 p (’J'o) + ($1 (4 r o _ | tiPPWu |4-o) |$) + a*/3 ($| (4- 0 | (PP^U |4+) |$). 


Using (62) together with the normalisation condition \a\ 2 + |/?| 2 = 1, this reduces to 

P W = M 2 P (*o) + \P\ 2 (p (^o ) - P (*o)) . 
from which we may see that p (4>) = p (4- 0 ) if and only if p (4+ ) = p (4- 0 ), as stated. 

Proposition 1: If 147) £ H^ ® H^ and may therefore be expressed in the form 

N 

|4-)=^c i uf ) |4- 0 ), 


(63) 

(64) 


(65) 


where |4- 0 ) € Hq 1 ' 1 <g> H ^ as before, then 


N 


p |4- 0 ) = p(*o) 


( 66 ) 


and the probabilities of local measurements on subsystem 1 are the same as if the initial state had been |4- 0 ). 

Proof: Proposition 1 may be proved by induction. If IV = 1 and c\ = 1 we recover the causality condition 
( [58] ) . We may then assume that the relation (66) is true for N = n and consider the case for N = n + 1, where 
causality implies 


/n+1 


n+1 


E I' 3 '") = P (^n+l) _1 E C ^i l*0> + Cn+1 +0 


(67) 


\ 2—1 


Now, if we normalise the state (U^h) 1 CiU- z> 147 0 ) by introducing a normalisation factor M we obtain, 


y( 2) 


n+1 


pkE^^w =p(*o). 


(68) 
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Identifying this state with the general state (55) gives, 

n+1 

r( 2 ) \-l 


A rY.aVnhr 1 l*o) = a + 0 ) + /3 |+}> , 


(69) 


i—1 


and, together with Lemma 1, Eq. (68) becomes p(’I') = p(\I/o)- Now, decomposing the term on the right-hand-side 
of Eq. (67) such that 


n+1 


(U^hr 1 E ’ l*0> + Cn+l |*o) = + Cn+l) +o) + £ |<> , 


(70) 


and again identifying with (55), giving +) = a! +) + /3' (Tf} ), where a' = (a/Af) +c n+ i and /3' = (/3/A f), we see that 

P (Wi)" 1 E CiU™ +o) + c n+1 + 0 ) j = p (*o) • (71) 

Therefore, in general, p (H/) = p (T 0 ) if +) = YliLi C++ l^o) £ 37+ <g) 


Proposition 2: To complete the proof of Theorem 1 we must show that (66) implies that +) £ |To) £ H + <g> H^ 2 \ 
which we have so far assumed. To do this it is sufficient to prove that superpositions of the form fl66|) can 
express any vector belonging to the subspace 33+ (g> 33+. This in turn may be done by showing that |66j) can 
express any one of a set of basis vectors spanning the subspace. By considering the Schmidt decomposition of 
|Hi) it is possible to show that a set of unitary transformations acting on the individual bases {Ip)!} of 33 W 
and {\q} 2 } of 33 ^ may be defined such that superpositions of t/+ +o), as in (66), yield vectors of the form 

|p)i <S> | q) 2 £ Ho 1 ' 1 ® which form such a basis. The demonstration is straightforward, but will omitted here 
for the sake of brevity and we refer the interested reader to m- We may therefore move on to the proof of Theorem 2. 


Proof of Theorem 2: Now using (60) instead of (55) and following a procedure analogous to that used to 
obtain equation 

(72) 

The last two terms of ([72]) are complex conjugates of each other and so to prove Theorem 2 we need only show that 
one or other of them is equal to zero. Given that +') £ H^ 1 ' 1 ® we may substitute in from (65), giving 


above we see that, 

p ($) = \a\ 2 p (Hz') + \j3\ 2 p ($") + a/3* ($| (T"| fPP^U +') |$) + a */3 ($| (T'| +3++ +") |$). 


N 


a /3* ($| ($"[ fflpWu +') |$) = a/3* E * ($1 +"1 U^P^UU^ +') |$) 


(73) 


The proof is completed by showing that each term on the right hand side of (731 must be equal to zero by causality. 
Applying (59) to the terms in the right hand side of (73) we obtain 

($| ($"| fflpMufjW |$ 0 ) |$) = ($| (T"| U^U^P^U |T 0 ) |$). (74) 

Now, we see that +") e (i? (1) - 33^ 1} ) <g) 33 ^ and so (C/f ) )- 1 +") e (hW - ® 33 ^ as (C/f ) )“ 1 acts only 

on subsystem 2 . Thus (£/+) _1 | T ") is orthogonal to | Hz 0 ) and each term in the right hand side of ( 73 ) vanishes. 


B. Are there still nonlocal variables that can’t be measured without violating causality? - “Yes ” 

Physical significance of Theorems 1 and 2: The consequence of these theorems is that local information about the 
part of the initial state that lies in 33+ ® 33( 2 ) in necessarily erased. This is therefore an unavoidable feature of any 
verification measurement of a nonlocal state. 

This was thought to have profound implications for the measurability of operators in relativistic quantum mechanics. 
For example, the measurement of an operator A may be seen as a verification measurement of each of its nondegenerate 
eigenstates. It follows from Theorems 1 and 2 that the final state of the system after a measurement of A must be 
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locally independent of its initial state. In addition, in accordance with the standard interpretation of the postulates of 
quantum mechanics, if the initial state is an eigenstate of A then it should remain undisturbed by the measurement. 

This is an important point. Although Vaidman and Popescu did not assume that their state verification measure¬ 
ment necessarily left the state undisturbed, they considered that the measurability of an individual variable A, which 
may be seen here as equivalent to the measurability of a collection of state verifications, depended on the eigenstates 
of the operator A remaining invariant during the measurement process. Applying this assumption, in conjunction 
with Theorems 1 and 2, to the simplest nonlocal system, our two- fermion spin-state system, it is easy to “prove” 
that many operators are not causally measurable. 

In fact, as we will later see, all operators which represent physical values (local or nonlocal) possessed by the 
system are measurable. However, Theorems 1 and 2 restrict the way in which these variables may be measured. In 
particular, certain projective measurements do violate causality, and are therefore deemed unphysical. For example, 
suppose P\\S! 0 ) is the projection onto the subspace of entangled states 

l*0> = a ltz)i ® (tz ')2 + P l-L)i ® |4 -z')2 = a l^l) + /3 1 ^ 2 ) > (75) 


where these may represent an arbitrary entangled state by appropriate choice of local basis. 

Now, |\E'i) and 'I' 2 ) are both eigenstates of P\y 0 ) corresponding to the eigenvalue zero and so are not disturbed by 
the measurement. Consequently the state will end in either |’F 1 ) or |T 2 ) which are locally indistinguishable. However, 
according to Theorem 1, all local information is erased, which leads to a contradiction. The implication is then that 
Fj$ 0 ) is unmeasurable. 

Similar arguments imply that only ope rato rs with nonlocal eigenstates which are maximally entangled are causally 
measurable. If a general entangled state (75) is an eigenstate of A then, by Theorem 1, the eigenstates of A must be 
locally indistinguishable, which is only the case if |a| = |/3| = 1/^/2. 

A more disturbing aspect of these assumptions is that even some operators with eigenstates which are local states, 
are apparently not causally measurable. In fact, so called ideal measurements of operators whose eigenstates are 
combinations of direct products of spin states aligned along two or three independent axis, say z,z' and z ”, violate 
causality. 

At first sight it may seem that we have therefore finally answered question (2) of Sect. 


IV D and, furthermore, 


that we have answered it in the negative. Aharonov and Albert claimed that only maximally entangled states were 
causally verifiable because they were the only nonlocal states verifiable using their original methods, and they did 
not, at that time, propose any others. Here it may seem that we have shown this result is true for any verification 
procedure. But, in this last analysis, the additional assumption that operator measurements in quantum theory must 
be ideal measurements of the first kind has crept in. 

We may now see that, if the requirement that the measurement of an observable must prepare the system in an 
eigenstate of that observable is dropped, then a much wider class of nonlocal variables may be measured causally in 
accordance with Theorems 1 and 2, which are concerned with the erasing of local information. 


VII. CAN A LARGER CLASS OF NONLOCAL VARIABLES EVER BE MEASURABLE IN A 
RELATIVISTIC THEORY? - “YES, BUT ONLY IF WE RECONSIDER THE ROLE OF 
MEASUREMENT”, GROISMAN AND REZNIK (2002) 

Groisman and Reznik pointed out that quantum measurements play a dual role. The first is to allow us to observe 
the value of an unknown quantity, and the second is to prepare the system in a particular state. They argued that 
the roles of observation and preparation are, in fact, logically independent. 

The measurement technique they developed is based on the idea of remote operations mi and does not assume 
that the measurement of an observable necessarily prepares the system an eigenstate of that same observable. They 
showed that, using this method, the class of causally measurable nonlocal operators could be greatly extended. In 
particular they showed that all Hermitian operators for a (2 <H> 2)-dimensional Hilbert space are in fact measurable. 

The procedure follows the same general two stage protocol as the instantaneous measurements devised by Aharonov 
and Albert. However, in this method it is necessary for the observers share a large supply of distributed entangled 
pairs. The general protocol is then as follows. 

Stage (1): Each observer, Alice or Bob, applies an interaction between his/her system and a set of ancil¬ 
lary particles. He/she then measures a set of local quantities whose values are recorded classically. This first part of 
the measurement is instantaneous as the interaction time At —> 0, even if the distance between subsystems A and B 
is L cAf. 

Stage (2): The results of the local measurements are combined via classical information exchange and the 
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result of the nonlocal variable is known. 

Again, although the second stage requires a finite amount of time, the measurement itself is instantaneous 
as the value of the nonlocal variable is instantaneously “encoded” in the correlations between the two space-like 
separated classical systems. Both entanglement and local operations are used here to produce a remote instantaneous 
transformation m which maps a locally unmeasurable set of eigenstates to a locally measurable set. This is in 
contrast to Aharonov and Albert’s procedure which uses entanglement and local operations to produce correlations 
between nonlocal states and locally measurable ones, but which does not map one set of states to another. It 
therefore leaves the initial state intact whereas, in Groisman and Reznik’s, procedure the initial state is necessarily 
destroyed. 

The principle of causality combined with nonlocal action, as demonstrated in quantum entanglement, requires that 
the map is not deterministic m and different mappings are generated with varying probabilities. However, in all 
cases it is possible to infer the “unmeasurable” nonlocal states from the locally measurable ones. The process itself 
is best illustrated by an example, and we will now demonstrate how it may be used to measure a nonlocal operator 


whose eigenstates are the 2 ® 2 twisted product basis 

I^Oab = It *).a 8 It*) b i (76a) 

\^2)ab = I1~z)a 8 \\-z) b > (76b) 

I^3)ab = \\-z) A 8 (|tz)_B A ltz)s) I (76c) 

I^3)ab = |4-z)a 8 (|Tz) B ~ I'U)b) • (76d) 


The example is important as ideal measurements of this operator, considered previously in Sect. |VIB[ were shown 
to violate causality m- 

The process in detail: Initially, Bob and Alice share one ancillary entangled pair, or ebit, denoted with 
lower case letters a and b. This gives the initial state, 

I*) = ^ (Itz). « Itz) fe + |lz}„ 8 |lz} 6 ) <8 Was - (77) 

Stage (1): Bob performs a local C-NOT interaction with respect to the component of spin along the j/-axis (here 
denoted by I A®&y B ' 1 ) between the entangled qubit b and his state B. This is described by the unitary transformation 

U = |tz) b <8 |tz> 6 8 Is + llz) b 8 |lz) b 8 (78) 

and yields the state 

I*) = ^ (\U) a ® l4-*) 6 8 Is + |tz) a 8 |tz) 6 8 df)) ® |*> AB ■ (79) 

He then measures the cc-component of spin of the entangled qubit a (in the following notation some tensor products 
with the identity matrix with the Pauli spin matrices will be omitted) and records the result v(a^). The state is 
now described by 

l*> = (\lz) a 8 Is ± ltz) 0 8 ® |vH)a B = ^\*) AB . (80) 

where the ± corresponds to the two possible values of v{cr^) and S is called the state operator or stator , which 
satisfies the eigen-operator equation 

a^S = u(a^)a^S. (81) 

This equation describes the correlations between unitary transformations performed by Alice on a and the equivalent 
rotations on Bob’s state. In particular, the transformation exp (iao^) performed by Alice, is equivalent to a unitary 

/ D\ 

transformation given by exp(iaay ) on Bob’s qubit. Having prepared S by the procedures above, Alice now measures 
d’i A \ with two possible outcomes, 

l*)A = l4-*)a> 

l^ = ltz) a - 


(82a) 

(82b) 
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If |\H) A = |Tz)a as in (82a) she then measures ai and keeps the result v(ai a ' > ). This induces the transformation 




(83) 


on Bob’s qubit. If |\H) A = |tz) a as in (82b), she instead untwists Bob’s cubit by performing a rotation of exp(j7r<ji a ^/4) 
before measuring <r 2 , as before, which induces the remote transformation 


1 + a. 


) Ib + cr 


(b) 


1 - v{cri a) ) 


r(B) 


exp 1 1 — 




■(B) 


(84) 


This process is equivalent to a conditional n/2 rotation of Bob’ s state when Alice’s state is |*U) A which maps the 
twisted basis on Bob’s side according to (84) (see also Eqs. (76a)-(76d|) with no rotation if Alice’s state is |Tz)a! 


{|Tz)b + |T z)B > ITz)s ltz)s} (ITz) B 1 ltz)s} ■ 


(85) 


The four possible outcomes of this map are therefore those given in Table 1 below. 



v( y cTx ) ) = +H/2 

v(&x ) ) = -h/2 

^(di o) ) = +h/2 

1 ^l )AB ITz)a ® |Tz)s 

h^2 )ab ITz)a ® ITz) B 

1^3) AB ITz) 55 ITz)s 

^4 )AB ^ Tz)a ® Tz)s 

I^i)aB ITz)a ® |Tz)b 

1 ^ 2 ) AB —• > ITz)^®|Tz)b 

I’^AB ~ 1 * Tz)a 55 ITz) B 
I^4)ab — t |Tz)a 55 |Tz)b 

v(ai a ' > ) = -h/2 

l*l) AB * IT z) A 55 |Tz) s 

\^2)ab ITz) A 55 |Tz) S 

^ 3 ) AB Tz)a 55 |Tz) S 

1^4) AB ITz)a 55 IT z) B 

l*l>AB * ITz)a 55 |Tz)s 

1^2 )AB ITz) A 55 |Tz)b 

1 ^ 3 )AB ITz)a 55 |Tz)b 

1 ^ 4 ) AB ITz)a ® ITz) S 


(B) 

Finally, Bob measures the operator ’ for his state 


Stage 2: Alice and Bob then communicate their results to one another classically and use the values of 
i/(crl a )) and v(cf^) to identify which of the four mappings in Table 1 has occurred. The values of and 

v{az ) then allow them to infer the initial state of the system. In addition we see that all local information about 
the initial state of the system is necessarily erased, in accordance with Theorems 1 and 2 from Popescu and Vaidman 
m- With appropriate modifications this procedure can also be used to measure oper ators whos e eigenstates are 
the general 2 (8) 2 product basis. That is, when the coefficients 1/V2 in equations (76c) and (76d) are replaced by 


(cos(a/2), sin(a/2)) and (sin(a/2), cos(a/2)), respectively. Here the procedure is necessarily more complicated as we 
succeed in obtaining the rotation ( |84| ) only with probability 1/2. With probability 1/2 we also obtain the alternative, 
less useful map 

{14-z )b + ITz) b > ITz) b ~ ITz)si ~^ {sin(a/2) |Tz) b + cos(a/2) |Tz) b > cos(a/2) |Tz) B ~ sin(a/2) |Tz) _g} ■ (86) 


However, if Bob measures v{b i^) = +h/2 he knows that the map (84) occurred and that the experiment was successful. 


On the other hand if he measures is(&i b ^) = —h/2, he and Alice may utilise a further entangled pair to perform an 
additional rotation by angle a, which again gives the “correct” map (84) with probability 1/2, and so on. The total 
probability for success is then 1/2, 3/4, . ., which converges to one as the number of trials goes to infinity. However, 
if the rotation a is chosen such that a = 7rfc/2", the n th step will always succeed. 

Perhaps most importantly, Groisman and Reznik also showed that, by appropriate choices of local measurements 
and unitary operations, the remote transfer method allows any nonlocal operator of a (2 (8 2)-dimensional Hilbert 
space with eigenvectors which are arbitrary nonmaximally entangled states to be measured. In effect this last result 
implies that any arbitrary (28>2)-dimensional operator may be measured instantaneously without violating causality, 
and may therefore be granted the status of an observable. 

With this result in mind, it would perhaps seem strange if arbitrary operators of higher dimensional Hilbert spaces 
were unmeasurable. Later that year it was indeed shown that a measurement procedure involving partial quantum 
teleportation permitted the instantaneous measurement of any nonlocal operator belonging to a Hilbert space of 
arbitrary dimension m- 
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VIII. BUT CAN ALL NONLOCAL VARIABLES BE GRANTED THE STATUS OF OBSERVABLES? - 
“YES! AS LONG AS WE MEASURE THEM IN THE RIGHT WAY” - VAIDMAN (2003) 


The technique of quantum teleportation m is well documented and we will not consider it in detail here. Instead 
we shall only consider how part of the teleportation process may be utilised to perform instantaneous measurements 
of nonlocal variables. Quantum teleportation itself is not instantaneous, as it relies on classical information transfer 
during an intermediate stage of the teleportation process. Vaidman’s great breakthrough was to realise that performing 
a partial teleportation , where our second observer Bob transfers his state to Alice via a Bell measurement, but does 
not tell her the result, preserves the quantum states along each axis. Alice then carries out local measurements 
independently of Bob and combining the results via classical information transfer at the end of the process completes 
the measurement of the nonlocal variable. 

As an example, consider the measurement of a nonlocal operator in our two particle system whose eigenstates are 
direct products of spin states aligned along different axis, i.e. the 2 <g) 2 twisted product basis (76a)-(76d). Standard 


projective/Von Neumann measurements of these operators were found by Sandu a nd Po pesc u to contradict causality, 
although Groisman and Reznik’s technique rendered them measurable (c.f. Sects. VIB and VIII. Here we show how 
to measure operators of this form with the aid of partial teleportation. 

In our two particle system it is necessary that Alice and Bob must share the maximally entangled two-particle state, 
or singlet state and that their friend Collin allows them to utilise a third system C which he has prepared in 

an arbitrary state | v k) c ,. The teleportation procedure is based on the identity below, so that a measurement by Bob 
in the Bell basis collapses the joint ABC wave function to one of the terms on the right hand side of the equation 


l*)c I’MaB = l (|*-) C A ® Wb + l*+)cA ® I^ (Z) )b + I$->CA ® l^i 


1 $ 


+ /CA ' 


I^b) 


where 


*±)« = ^ (lt)< ® \i)j ± \i)i 8 It),) , 
*±>« = ^ (it); ® It), ± It), 8 |t),) , 


(87) 

( 88 a) 

( 88 b) 


and I'jAU) denotes a rotation of |\I/) by n about the k th axis, thereby effectively transferring Bob’s state to Alice. 

The key step in measuring a nonlocal variable is then a local measurement of by Alice, which she may carry 
out at any time, independently of Bob. If the result is = +h/ 2, this is equivalent to measuring at 8 '* at Bob’s site, 
and if the result is dz = —h /2 it is equivalent to measuring di B \ Combining the results of their local measurements 
Alice and Bob (and Collin) are then able to distinguish unambiguously between the four eigenstates (76a)-(76d). With 
appropriate modifications it is, in principle possible, to use this technique to measure all nonlocal operators acting on 
a (2 g 2)-dimensional Hilbert space, which confirms Groisman and Reznik’s conclusion that all such operators may 
be granted the status of observables in a relativistic quantum theory. 

However, the most important aspect of this technique is that it may also be extended to measure any arbitrary 
function 0(qA , < 7 b, • • -Qn) of N local observables {g}. That is, in principle, it may be used to measure any nonlocal 
variable of a composite quantum system, even if the subsystems A, B, . . . N are space-like separated and N is 
arbitrarily large. Again, local information about the initial state of the system is erased in accordance with Popescu 
and Vaidman’s results uni. 

The general protocol for the measurement of an arbitrary nonlocal operator in the two particle system 0 (c/ 4 ><?b) 
was set out in detail by Vaidman in his 2003 paper fTJj. The process is complicated and consists of four individual 
steps, each performed in a number of teleportation “rounds” (from now on we will use the term teleportation to 
mean partial teleportation in the sense explained above). Each successive round requires the utilisation of increasing 
numbers of teleportation channels, that is of increasing numbers of “Collins” and shared entangled pairs. However, 
by considering the two-particle case it is relatively easy to see how the procedure may be continued for three, four, 
five . . . subsystems, and it is therefore illustrative for us to consider it in detail. 

Firstly, Alice and Bob swap the states of their systems with the states of K spin-1/2 particles using teleportation. 
The protocol is then as follows. 


Round 1 

1. Bob teleports the state of his system (which is equivalent to the states of K spin-1/2 particles) to Alice and 
records the outcomes of the associated Bell measurements. The number of possible outcomes is N = 4. K 
which Bob indexes by the variable n = 1,2, . . N, where n = 1 corresponds to measuring singlets in all Bell 
measurements and indicates that Bob’s state has been successfully teleported without distortion. 
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2. Alice performs a unitary operation on the composite system of herself and the teleported spins. If undistorted 
teleportation has occurred this operation transforms the eigenstates of 0(qA,qB ), which are now all at Alice’s 
site, to product states of the 2 -component of spin. 

3. Alice teleports the complete system of 2K spin-1/2 particles to Bob. 

4. If undistorted teleportation has occurred (n = 1), Bob now measures the teleported system in the 2 -basis and 
his local spin measurement in the 2 -basis completes the measurement of 0 ((?a><?b)- 

However, the probability of obtaining singlet states in all Bell measurements, that is of obtaining teleportation 
without distortion, is 1/iV and so the measurement will only “succeed” on the fourth step one in N times. 

Round 2 

1. If n ^ 1, Bob teleports the system back to Alice and again records the outcomes of the associated Bell measure¬ 
ments, which he indexes with the variable mi = 1,2, . . M where M = 4 2K . In this case Bob must also “tell” 
Alice the outcomes of his previous Bell measurements n via the same teleportation channel. 

2 . Alice can then perform unitary operations which consist of her original transformations from the first round of 
teleportations, together with corrections required to correct the distortion, on each system in a further N — 1 
teleportation channels which she will use in a second round. Again, if no distortion has occurred (mi = 1) 
Alice’s operations transform the eigenstates of 0(qA,qB) into product 2 -spin states. 

3. Alice teleports all N — 1 systems back to Bob. 

4. If no distortion has occurred (mi = 1), Bob measures the teleported system in the 2 -spin basis and the mea¬ 
surement of 0(qA,q_B) is complete. This occurs with probability 1/M. 

Round 3 

1. If mi ^ 1, Bob again teleports his system back to Alice in the teleportation channel corresponding to the 
“subcluster” mi of the original cluster n, together with his results mi, and records the outcomes of the latest 
set of Bell measurements m 2 - 

2. Alice performs unitary operations on each system in (N — 1 ){M — 1) teleportation channels used in the third 
round. The operations on each channel are such that if Bob teleported the system in this channel and the 
teleportation succeeded without distortion, the eigenstates of 0(qA , <irs) are again transformed to 2 -spin product 
states. 

3. Alice teleports all (N — 1 )(M — 1) systems back to Bob. 

4. If m -2 = 1, Bob measures the teleported system in the 2 -basis and the measurement is complete. This occurs 
with probability 1/M as in the second round. 

Again, if m 2 ^ 1, Bob teleports the system back to Alice . . . , and so on, until a successful measurement is 
performed. Thus we see that the general procedure requires many teleportation channels which are utilised sequentially 
in a series of nested clusters, with two channels in the first round, 4 K — 1 clusters of two channels in the second round, 
4 2K — 1 subclusters of two channels in the third . . . etc. The probability for success in the first round is 1/4 K , and 
is 1/4 2X in every subsequent round, so that the total probability for success may be brought arbitrarily close to one 
if sufficient entanglement resources are available. 

The procedure may be extended to three parts in the following manner. In step 1 Bob and Collin, who is now 
allowed to take part in the experiments and not to just assist, both teleport their states to Alice. In stage 2 Alice 
completes unitary operations which require undistorted teleportation from both Bob and Collin in order to transform 
the eigenstates of an operator 0(qA,qB,qc ) into 2 -spin product states. In step 3 she teleports the complete system 
to Bob, as before. In step 4, instead of performing local measurements, Bob teleports the system to Collin using a 
particular teleportation channel ns, which is dependent upon the outcome of his first set of Bell measurement, n . 

There are then five additional stages. In step 5 Collin teleports all the systems from Bob’s teleportation channels, 
except the system corresponding to (ns,n c ) = (1,1), back to Alice. Instead he measures this system in the 2 -spin 
basis (step 6) and chooses a particular channel ( nB,n c ) to send the original system from channel ns, according to 
the results of his Bell measurements nc- In the final three stages Alice again performs appropriate unitary operations 
(step 7) and, assuming no distortion teleports them back to Bob (step 8), who performs local measurements (step 9) 
and starts again at stage 1 to initiate the second round if necessary. An analogous procedure involving 4 x 4 = 16 
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individual steps may be used to measure a nonlocal variable of a four part system, 5 x 5 = 25 steps for a five part 
system, and so on. 

Finally we notice that Vaidman’s procedure in no way contradicts the principle of relativistic causality, and that 
the question posed way back in 1931 has finally has finally been answered - all nonlocal variables may measured 
instantaneously be granted the status of observables in relativistic quantum mechanics! Or can they . . . ? 


IX. DISCUSSION 
A. Conclusions 


We have seen that there are, in principle, no causal restrictions upon the measurability of self-adjoint operators 
in quantum theory. In particular the values of all nonlocal variables may be determined instantaneously, and so all 
such variables may be granted the status of quantum mechanical observables. This, in turn, implies that all nonlocal 
states may be verified by specifying their simultaneous eigenvalues for sets of commuting operators. 

However, we have also seen that relativistic causality does place restrictions upon the way in which nonlocal, 
and even some local variables may be measured. It was found that the standard Von Neumann interpretation of 
quantum mechanical measurement was too restrictive, and that certain projective measurements which would allow 
superluminal signaling are not physically realisable (c.f. Sect. VIB). 

In such cases other forms of measurement have been discovered, which do not violate causality, but which do 
not necessarily prepare the system in an eigenstate of the measured observable (Sects. VII VIII). Similarly, state 


verification measurements performed using these procedures do not preserve the initial state, but may only ascertain 
its simultaneous eigenvalues. Correspondingly, some nonlocal states, may not be verified in nondemolition experiments 
(Sects. IV C 0. It was also shown that any measurement of a nonlocal variable necessarily erases some local 


information, which is a completely general result (Sect. VIA). 


B. Questions for the future 

These conclusions hold, for the time being, with one important caveat. It is, in fact, not yet clear whether all 
variables related to spread out fermionic wave functions may be measured instantaneously. In particular, it is not clear 
whether the above results can be generalised to include all quantum systems which are themselves in a superposition 
of being in different places. Measurements of variables related to such systems rely on the ability to transform the 
local state of a particle, which is in a nonlocal superposition, into a locally measurable state of a composite system; 
that is, of the system consisting of the particle(s) and measuring device. Although, for bosons, local operations of 
this form have already been achieved hh, the space-like separated local variables corresponding to the measurement 
of a fermion state should, in theory, fulfill anticommutation relations in accordance with the Pauli exclusion principle. 
This has led Vaidman and others to postulate the existence of superselection rules which prevent such transformations 

m- 
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